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Abstract
In an r-dimensional projective Galois space, PG(r; q), of order q, let K be a k-set of class
[0; 1; m; n]1, with respect to the lines. We prove that: if r = 2s− 1 (s>2 and q = 2; q = 4 or q
odd if s= 2), k = 2s−1 and there exists a point V of K through which exactly q2(s−1) 1-secant
lines pass and through any other point of K pass q2s−3 1-secants, then K is a quadric cone
projecting from V a non-singular quadric of a PG(2(s − 1); q) skew with V ; if r = 2(s − 1)
(s>3); k = 2s−3 + qs−1 and there exists a point V of K through which exactly q2s−3 − qs−2
1-secant lines pass and through any other point of K q2(s−2) − qs−2 1-secants pass, then K is a
quadric cone projecting from V a hyperbolic quadric of a PG(2s− 3; q) skew with V . c© 2000
Elsevier Science B.V. All rights reserved.
1. Introduction
Let K be a k-set of an r-dimensional Galois projective space of order q, PG(r; q)
. We dene, see [11], the characters of K of index i with respect to the lines as the
numbers ti of lines meeting K exactly in i points. We say that K is of class [a; b; m; n]1,
with respect to the lines, 06a<b<m<n6q + 1, if the lines of PG(r; q) meet K
only in a; b; m; n points. We say also that K is of type (a; b; m; n)1, with respect to the
lines, if it is of class [a; b; m; n]1 and, moreover, ti 6= 0 for every i = a; b; m; n. In [4]
the quadric cones of PG(3; q), with q odd, have been characterized.
In this paper the quadric cones of PG(r; q) of rank r, that is with vertex space a
point V , are considered. If r = 2s − 1 (s>2 and q = 2; q = 4 or q odd if s = 2)
we characterize the cones projecting from V a non-singular quadric of a subspace
PG(2(s− 1); q) of PG(r; q), skew with V , while if r=2(s− 1) (s>3) we characterize
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those cones projecting from V a hyperbolic quadric of a PG(2s − 3; q) skew with V .
In the rst case, for s= 2, the results of the paper [4] are recovered.
2. Characterization of quadric cones of PG(2s − 1; q)
It is known that in PG(2s−1; q) (s>2 and q=2; q=4 or q odd if s=2) a quadric
cone Q with vertex space a unique point V and projecting from V a non-singular
quadric of a PG(2(s− 1); q) skew with V , is a 2(s−1)-set of type (0; 1; 2; q+ 1)1 with
respect to the lines. We easily prove that, for the characters ti (i= 0; 1; 2; q+ 1) of Q,
we have
t0 = 2s−3(q2s − q2s−1)=21;












q+1, respectively, the numbers of 1-secants, 2-secants,
(q+ 1)-secants Q of PG(2s− 1; q) passing through V , we easily see that
vV1 = q
2(s−1); vV2 = 0; v
V
q+1 = 2s−3: (2)
Moreover, if vi (i = 1; 2; q + 1) is the number of i-secants Q through a point P of Q
other than V , we show that
v1 = q2s−3; v2 = q2(s−1); vq+1 = 2(s−2): (3)
Theorem 1. Let K be a 2(s−1)-set of PG(2s− 1; q); (s>2 and q=2; q=4 or q odd
if s= 2); of class [0; 1; m; n]1; satisng the following conditions:
1) there exists a point V of K for which vV1 = q
2(s−1);
2) v1=q2s−3 for every other point P of K. Then; K is a quadric cone projecting from
V a non-singular quadric of a PG(2(s− 1); q) skew with V.
Proof. If ti, i = 0; 1; m; n, are the characters of K , then, see [11],
t0 + t1 + tm + tn = 2(s−1)2s−1=1;
t1 + mtm + ntn = 22(s−1);
m(m− 1)tm + n(n− 1)tn = 2(s−1)(2(s−1) − 1);
(4)
where, by assumption,
26m6q; 36n6q+ 1: (5)
According to hypotheses 1) and 2) we deduce that t1 = q2(s−1) +
q2s−3(2(s−1)−1)=q2(s−1)(2s−3+1); consequently, by substituting it into (4), from the
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second and third equations, we obtain
mtm + ntn = 22(s−1) − (q2(s−1) − 1)2s−3 − 2(s−1);
m(m− 1)tm + n(n− 1)tn = 2(s−1)(2(s−1) − 1): (6)
From (6), by eliminating tm, we have
tn =
2(s−1)(2(s−1) − 1)− (m− 1)[2(s−1)(2(s−1) − 1)− (q2(s−1) − 1)2s−3]
n(n− m) : (7)
Being tn>0, from (7), we can write
m− 16 2(s−1)(2(s−1) − 1)




2(s−1)(2(s−1) − 1)− (q2(s−1) − 1)2s−3 :
But since
(q2(s−1) − 1)2s−3
2(s−1)(2(s−1) − 1)− (q2(s−1) − 1)2s−3 < 1 for q>2
and since m is an integer we have that m62. By (5) we know that m>2, hence
we conclude that m = 2. Let are vVi (i = 1; 2; n) be the numbers of the lines through
V i-secants K .






vV2 + (n− 1)vVn = 2(s−1) − 1;
(8)
from which, being vV1 = q
2(s−1) by assumption 1), we have
vV2 + v
V
n = 2(s−1) − q2(s−1);
vV2 + (n− 1)vVn = 2(s−1) − 1:
(9)
By elimination of vV2 from (9) we have
vVn =
q2(s−1) − 1
n− 2 : (10)
From the rst equation of (9), it follows that vVn62(s−1)− q2(s−1) = 2s−3. Thus we
obtain (q2(s−1) − 1)=(n− 2)62s−3, that is, n− 2>(q2(s−1) − 1)=(2s−3) = q− 1, from
which it follows that n>q+ 1.
On the other hand, from (5), n6q+ 1, hence we conclude that n= q+ 1.
From (4), being m= 2 and n= q+ 1, we have
t0 + t1 + t2 + tq+1 = 2(s−1)2s−1=1;
t1 + 2t2 + (q+ 1)tq+1 = 22(s−1);
2t2 + q(q+ 1)tq+1 = 2(s−1)(2(s−1) − 1):
(11)
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By substituting t1 = q2(s−1)(2s−3 + 1) in (11), we get
t0 = 2s−3(q2s − q2s−1)=21;




It can be easily proved that all the characters of K are integers dierent from zero,
thus K is of type (0; 1; 2; q+ 1)1 with respect to the lines. Now we observe that V is
a singular point. Indeed, from (10), for n= q+ 1, we have
vVq+1 =
q2(s−1) − 1
q− 1 = 2s−3: (13)
Thus, from (9), we get
vV2 = 0: (14)
Moreover, K cannot have another singular point P other than V . In fact, if vi (i =
1; 2; q+ 1) are the numbers of the i-secants K through P, we have
v1 + v2 + vq+1 = 2(s−1);
v2 + qvq+1 = 2(s−1) − 1 (15)
and, our hypotheses being v1 = q2s−3, we obtain
v2 = q2(s−1) 6= 0: (16)
But K cannot be a hyperplane  (being jK j= 2(s−1) then PG(t; q) = ;) because each
line of PG(2s − 1; q) non-belonging to , meets  in a point and then it could result
in t0 = 0; t2 = 0, which is impossible from (12).
If s= 2, hypotheses being q= 2; q= 4 or q is odd, K results in a quadric cone of
PG(3; q).
It follows that, see [8,9], K is a quadric cone of PG(2s− 1; q), projecting from V a
non singular quadric of PG(2(s− 1); q), skew with V .
3. Characterization of quadric hyperbolic cones of PG(2(s − 1); q)
We know that in PG(2(s− 1); q), s>3, a quadric cone Q projecting from a point V
a hyperbolic quadric of a PG(2s− 3; q), skew with V , is a (2s−3 + qs−1)-set of type
(0; 1; 2; q+ 1)1. We easily prove that for the characters ti of Q we have







t1 = (2s−3 + qs−1 − 1)(q2(s−2) − qs−2) + q2s−3 − qs−2;
t2 = q2s−3(2s−3 + qs−1 − 1)=2
tq+1 =
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If we denote by vVi (i = 1; 2; q + 1) the numbers of i-secants Q passing through V ,
we easily see that
vV1 = q
2s−3 − qs−2; vV2 = 0; vVq+1 = 2(s−2) + qs−2: (18)
Moreover, if vi (i = 1; 2; q + 1) is the number of i-secants Q through a point P of
Q other than V , we show that
v1 = q2(s−2) − qs−2; v2 = q2s−3; vq+1 = 2s−5 + qs−2: (19)
Theorem 2. Let K be a (2s−3+qs−1)-set of PG(2(s−1); q); s>3; of class [0; 1; m; n]1;
satisfying the following conditions:
1) there exists a point V of K for which vV1 = q
2s−3 − qs−2
2) v1=q2(s−2)−qs−2 for every other point P of K. Then K is a quadric cone projecting
from V a hyperbolic quadric of a PG(2s− 3; q) skew with V.
Proof. In this case, for the characters of K we have, see [11],
t0 + t1 + tm + tn = 2(s−1)2s−3=1;
t1 + mtm + ntn = 2s−3(2s−3 + qs−1);
m(m− 1)tm + n(n− 1)tn = (2s−3 + qs−1)(2s−3 + qs−1 − 1);
(20)
where, by assumption, is
26m6q; 36n6q+ 1: (21)
From hypotheses 1) and 2) we deduce that t1=q2s−3−qs−2+(q2(s−2)−qs−2)(2s−3+
qs−1−1); consequently, by substituting it into (20), from the second and third equations,
we obtain
mtm + ntn = 2s−3(2s−3 + qs−1)− (q2(s−2) − qs−2)
(2s−3 + qs−1 − 1)− q2s−3 + qs−2;
(m− 1)tm + n(n− 1)tn = (2s−3 + qs−1)(2s−3 + qs−1 − 1):
(22)
From (22), by eliminating tm, we have
tn =
(2s−3 + qs−1)(2s−3 + qs−1 − 1)
n(n− m)
− (m− 1)[(2s−3 + q
s−1)(2s−3 − q2(s−2) + qs−2) + q2(s−2) − q2s−3]
n(n− m) :
Being tn>0 we have
(2s−3 + qs−1)(2s−3 + qs−1 − 1)− (m− 1)
 [(2s−3 + qs−1)(2s−3 − q2(s−2) + qs−2) + q2(s−2) − q2s−3]>0
that is
m− 16 (2s−3 + q
s−1)(2s−3 + qs−1 − 1)
(2s−3 + qs−1)(2s−3 − q2(s−2) + qs−2) + q2(s−2) − q2s−3 ;
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from which
m62 +
(2s−3 + qs−1)(q2(s−2) + qs−1 − qs−2 − 1)− q2(s−2) + q2s−3
(2s−3 + qs−1)(2s−3 − q2(s−2) + qs−2) + q2(s−2) − q2s−3 :
But
(2s−3 + qs−1)(q2(s−2) + qs−1 − qs−2 − 1)− q2(s−2) + q2s−3
(2s−3 + qs−1)(2s−3 − q2(s−2) + qs−2) + q2(s−2) − q2s−3 < 1 for q>2
and being m an integer we have m62. By (21) m>2, we then conclude that m= 2.
Let are vVi (i = 1; 2; n) be the numbers of the lines through V i-secants K .






vV2 + (n− 1)vVn = 2s−3 + qs−1 − 1;
(23)
from which, being from hypotheses 1) vV1 = q
2s−3 − qs−2, we have
vV2 + v
V
n = 2s−3 − q2s−3 + qs−2;
vV2 + (n− 1)vVn = 2s−3 + qs−1 − 1:
(24)
By elimination of vV2 from (24) we obtain
vVn =
q2s−3 + qs−1 − qs−2 − 1
n− 2 : (25)
From the rst equation of (24), it follows that vVn62s−3−q2s−3+qs−2=2(s−2)+qs−2.
Thus we obtain
q2s−3 + qs−1 − qs−2 − 1




2s−3 + qs−1 − qs−2 − 1
2(s−2) + qs−2
= q− 1
and hence n>q+ 1.
But, from (21), we also know that n6q+ 1, thus we conclude that n= q+ 1.
From (20), being m= 2 and n= q+ 1, we have
t0 + t1 + t2 + tq+1 = 2(s−1)2s−3=1;
t1 + 2t2 + (q+ 1)tq+1 = 2s−3(2s−3 + qs−1);
2t2 + q(q+ 1)tq+1 = (2s−3 + qs−1)(2s−3 + qs−1 − 1):
(26)
By substituting t1 = q2s−3− qs−2 + (q2(s−2)− qs−2)(2s−3 + qs−1− 1) in (26), we get







t1 = (2s−3 + qs−1 − 1)(q2(s−2) − qs−2) + q2s−3 − qs−2;
t2 = q2s−3(2s−3 + qs−1 − 1)=2;
tq+1 =
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The characters of K being all integers and dierent from zero, K is of type (0; 1; 2;
q+ 1)1 with respect to the lines. Now we observe that V is a singular point. In fact,
from (25), for n= q+ 1, we have
vVq+1 =
q2s−3 + qs−1 − qs−2 − 1
q− 1 = 2(s−2) + q
s−2: (28)
Hence, from (24), it follows that
vV2 = 0: (29)
Moreover, K cannot have another singular point P other than V . In fact, if vi (i =
1; 2; q+ 1) are the numbers of the i-secants K through P, we have
v1 + v2 + vq+1 = 2s−3;
v2 + qvq+1 = 2s−3 + qs−1 − 1 (30)
and, the hypotheses being v1 = q2(s−2) − qs−2, we obtain
v2 = q2s−3 6= 0: (31)
But K cannot consist of a hyperplane  = PG(2s − 3; q) and a subspace PG
(t; q) (t = −1; 0; 1; : : : ; 2s − 3) because, in this case, being jK j = 2s−3 + qs−1 and
jPG(2s−3; q)j=2s−3, we get that qs−1 = jPG(t; q)j, which is absurd since jPG(t; q)j=Pt
i=0 q
i 6= qs−1, for every t=−1; 0; 1; : : : ; 2s−3 (s>3). It follows that, see [8,9], K is a
quadric cone, projecting from V a hyperbolic quadric of PG(2(s−1); q), skew with V .
4. For further reading
The following references are also of interest to the reader: [1{3,5{7,10].
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